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Abstract. Viewing the Knizhnik-Zamolodchikov equations as multi-time, nonau- 
tonomous Shrodinger equations, the transformation to the Heisenberg representation 
is shown to yield the quantum Schlesinger equations. These are the quantum form 
of the isomonodromic deformations equations for first order operators of the form 
Vx = -^ -f^{X), where A^(A) is a rational r x r matrix valued function of A having 
simple poles only, and the matrix entries are interpreted as operators on a module 
of the rational _R-matrix loop algebra g[(r)/j. This provides a simpler formulation 
of a construction due to Reshetikhin, relating the KZ equations to quantum isomon- 
odromic deformations. 



1. Schlesinger Equations as Nonautonomous Hamiltonian Systems. 

In [H, HTW], it was shown how the linear rational i?-matrix structure on the 
loop algebra g[(r)fl;, when combined with a parametric family of Poisson embeddings 
into the dual space 0[(r)^, gives rise to the Schlesinger equations 

CJ Z J Zi Zj 

(1.1b) 
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Here {-/Vi}i=i,...n is a set of r x r matrices depending on the n complex parameters 
{zi}i=i,...n- Eqs. (l.la,b) may be viewed as deformation equations that preserve 
the monodromy of the differential operator 

V,:^^-Af{X), (1.2) 



where 



n 



i=l ^ ~ ^» 

about the regular singular points {zi, . . . Zn,oo}. They may also be viewed as a 
compatible set of nonautonomous Hamiltonian equations induced by the Poisson 
commuting set of Hamiltonians 

B,^t^^ (1.4) 
under the Lie-Poisson bracket structure determined by 

{iNi)ab, iNj)cd} = Sij {{Ni)ad5cb - iNi)cbSad) ■ (1-5) 

When viewed as autonomous systems, the Hamiltonians (1.4) determine the classical 
limit of the Gaudin spin chain models [Gl, G2]. Here, however, the time param- 
eters are identified with the deformation parameters {zi, . . . , Zn}, and hence enter 
explicitly in the Hamiltonians, making the resulting systems multi-time nonau- 
tonomous systems. 

Eqs. (l.la,b) may equivalently be expressed as the commutativity conditions 

[Dx, Vi] = (1.6) 
between Vx and the infinitesimal deformation operators 

A := ^ + (1.7) 

dzi X- Zi 

from which the invariance of the monodromy of the operator Vx around the singular 
points may be deduced [JMMS, JMU]. The compatibility conditions 



[Vi, Vj] = 



(1.8) 
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follow from the Poisson commutativity 

{Hi,Hj} = (1.9) 

of the Hamiltonians with respect to the classical i?-matrix Poisson bracket structure 
[FT, ST] 

{M{X)<fN{i^)} = [r(A-//),A/'(A)®/ + /®AA(/x)], (1.10) 

where 

r(A) := ^, (1.11) 

with Pi2 the permutation operator on (8) C^. The involutivity conditions (1.9) 
follow from the fact that the Hi^s are just the residues at A = of the rational 
spectral invariant function 

A(A) = - ^J^{X) 

f. If f(i^i') (112) 

which, because of the i?-matrix structure (1.10) satisfies 

{A(A), A{n)} = y X,neC. (1.13) 



As shown in [H], the proper interpretation of the system (l.la,b) as a nonau- 
tonomous system of compatible Hamiltonian equations is not in the space 0[(r)|j, 
but in an auxiliary symplectic space M, consisting of pairs (F, G) of N x r rectan- 
gular matrices, where 

n 

N = J2ki, (1-14) 
and ki = rk(iVj), with canonical symplectic form 

oj :=tT{dF'^ AdG). (1.15) 



The relation between the two spaces is given by the parametric family of 
Poisson maps [AHH, H, HWl] 

: M Sl(r)|j (1.16a) 
Ja : {F, G) I — > -G^{A - Xiy^F := Af{X), (1.16b) 
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where A is a diagonal N x N matrix with eigenvalues {2;i}i=i...n of multiplicities 
{ki}i=i,,,n- (Note that the i?-matrix Poisson bracket relations (1.10) remain valid 
if A is replaced by an arbitrary N x N matrix; cf. [HWl]). The Hamiltonian 
equations on M generated by the Hamiltonian 

Hi = HiO J„ (1.17) 

with the identification of the time variables again with {zi, . . . ,Zn}, are then 

|£l= F,^, (1.18a) 

i^j (1.18c) 



where (Fj, Gi) denote the iih. blocks in (F, G), of dimension ki x r, corresponding to 
the eigenvalue Zi. Eqs. (1.18a-d), combined with the parameter-dependent Poisson 
maps J A then imply the isomonodomic deformation equations (l.la,b). 

In the following section, it will be shown how the quantum analogue of the 
above construction gives rise, within the Shrodinger representation, to the Knizhnik- 
Zamolodchikov equations [KZ] determining the n-point correlation functions in 
the WZWN model, while in the Heisenberg representation, they give the quantum 
version of the Schlesinger equations (l.la,b). This formulation was suggested by 
the work of Babujian and Flume [B, BF] on the relation between the Knizhnik- 
Zamolodchikov equations and the Bethe ansatz method for Gaudin spin chains. 
A related, though somewhat more complicated formulation of the link between 
the KZ equations and quantum isomonodromic deformations has been given by 
Reshetikhin [R]. The present version corresponds to a choice of complex, simple 
Lie algebra g = sl(r, C) and simple poles at {A = Zi}. The case of higher order 
poles may be similarly dealt with by choosing the matrix A in eq. (1.16b) to have 
nondiagonal Jordan structure (cf. [AHP, HWl, HW2]). 
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2. Quantum Schlesinger System and the Knizhnik— Zamolodchikov Equa- 
tions. 

Let g C 0l(r, C) be a matrix Lie algebra and {'Hi}i=i,...n a set of g-modules 
on which the representations pi — > End(Hi) are defined. In the following, g will just 
be taken as gl{r, C), but subalgebras and real forms may easily be similarly dealt 
with. Let 

n := ®r=i^i (2.1) 
be the tensor product space, and denote by 

p^■.g—^ End(H) 

Pi : X I — ^ I (8) • • • pi(X) ■■■^I, X eg (2.2) 

ith factor 

the extension of pi to H. Let Ni be the End(7i)-valued r x r matrix with elements 

{Ni)ab = Pi{Eab), (2.3) 

where {Eab} is the standard basis for gl{r) consisting of the elementary matrices 
with nonvanishing entries in the (a6)th position. These then satisfy the gl{r) com- 
mutation relations 

m)ab, (iV,)ed] = 5ij (^iNi)adSbc - {Ni)bc5ad) ■ (2.4) 

Defining the g\{r) ® End(7Y)-valued rational function 

we see that this defines a representation of the gl{r)R linear i2-matrix Lie algebra 
[N{\) , N{pi)] = [r{X-p,), SfiX)0l + l0 N{pi)] . (2.6) 

For example, H. could be taken as the space of polynomials in the matrix 
elements of the N x r matrix G, with each factor Tii corresponding to polynomials 
in the block Gi only, and A/"(A) defined by replacing F in eq. (1.16b) by the gradient 
operator F Vg- This then implies the commutation relations (2.4) and (2.6) in 
the case of diagonal A. If we choose maximal rank ki = r for each eigenvalue block 
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Gi, a suitable completion of Hi may be identified with the space of differentiable 
functions on the group 0t(r), and the resulting representation is simply given by 
the left-invariant vector fields. Alternatively, for rank ki < r, we may view the 
block Gi as homogeneous coordinates on the complex Grassmannian ^tfe. (C^), and 
pass to the quotient space under the natural action of (Sl{ki) on fc^-frames in C^. 
The resulting representation then consists of vector fields on 6rfc. (C^) induced by 
the infinitesimal 0[(r)-action. More generally, replacing A by an arbitrary N x N 
matrix in complex Jordan normal form, with eigenvalues {zi}, the commutation 
relations (2.6) still hold, but the form of (2.5) changes to a matrix-operator valued 
rational function of A with poles at each of the eigenvalues {zi, . . . , Zn} of order 
equal to the dimension of the largest corresponding Jordan block. The resulting 
algebra associated to each Zi is no longer 0t(r), but the jet extension gl(r)*^''\ where 
/i + 1 is the order of the pole at Zi (cf. [R]). In the following, we remain with the 
case of simple poles only. 

Defining the End(7i)-valued rational function 

A(A):=W(A))^ = X:v^+i:7lT?W. (2-7) 



where 



S,-E'-f^^ (2.8) 

j = l Zi Zj 

it follows from (2.6), just as in the classical case, that 

[A(A), A{fi)] = 0, V A,// e C (2.9) 

and hence 

[Hi,Hj]^0, i,j = l,...n. (2.10) 

The stationary states of the n-site 0t(r) Gaudin spin chain are the simultaneous 
eigenvectors of the operators {-ffi}i=i...n- These may, in principle, be constructed 
via the algebraic Bethe ansatz [J, FFR]. However, instead of considering stationary 
states, we consider the time-dependent Shrodingcr equations 

ih^ = Hi^, ^en. (2.11) 
oti 
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These equations are closely related to the Knizhnik-Zamolodchikov equations de- 
terming the n-point correlation functions for the WZWN model 

K— = Hi^, (2.12) 

OZi 

where 

«=^(CH + C0), (2.13) 

ct-c being the level and Cq the dual Coxeter number. Eq. (2.12) is obtained from 
(2.11) by identifying, as in the classical case, ti ~ Zi and choosing as Hamil- 

tonian. This allows us to view (2.12) as a system of compatible, multi-time nonau- 
tonomous Shrodinger equations. 

We may pass, as usual, from the Shrodinger to the Heisenberg representation 
by introducing the (multi-time) "evolution" operator U{zi, . . . Zn) € End(7i), which 
is the unique invertible operator satisfying the equation 

K— = UHi (2.14a) 

OZi 

with initial conditions 

C/(^?,...,4) = M (2.14b) 
The operator-valued matrices Ni in the Heisenberg representation then become 

Ni := UNiU-\ (2.15) 

where the conjugation by U is understood as applied to each matrix element in 
Ni. Correspondingly, we have the Heisenberg representation of the rational 0((r) (8) 
End('K)-valued function j\f{X) 

AA(A) := U^^{X)U-' = J2 YZ^, (2-16) 

and of the Hamiltonians 

Hi = UH,U-^. (2.17) 
Differentiating the NiS with respect to the Zj's, and using (2.14a), gives 
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where the second equahty in (2.18a,b) follows from eqs. (2.5), (2.7). Absorbing the 
factor K into the definition of iVj, eqs. (2.18a,b) are just the quantum version of 
the Schlesinger equations (l.la,b). Defining the End(7i)-valued matrix differential 
operators 

OA K ^ X — Zi 

1=1 

eqs. (2.18a,b) are equivalent to the "quantum isomonodromic deformation" equa- 
tions 

[Vx, V,] = 0. (2.20) 

The compatibility conditions 

[Vi, Vj] = (2.21) 

are again equivalent to the commutativity conditions (2.9) for the Hamiltonians Hi. 

The more elaborate construction of [R] allows for higher order poles in A/'(A) 
and an arbitrary complex, simple Lie algebra Q. This leads to a similar relation 
between the generalized rational KZ equations and quantum isomonodromic defor- 
mation equations involving irregular singular points at {A = 2;i}i=i,...n (cf. [JMU, 
JM]). 
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